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The  problem of synthesizing a system to realize a specified, input -output  
behavior is of great interest in system theory. In  this paper, the realizability of 
a finite set of input -output  sequences by a finite state machine (FSM) is 
studied. 
Realizable input -output  sequences of length l are characterized by a property 
called "consistency."  An  algorithm for constructing an FSNI to realize a 
consistent set of input -output  sequences is developed. The  above charac- 
terization and the construct ion algorithm are related to and motivated by an 
earher work by Gill. It is shown that the construction procedure presented 
here can lead to simpler realizations. 
~NTRODUCTION 
The problem of synthesizing a system to realize specified input-output 
behavior is of general interest in system theory. The realizability of sets 
of input-output sequences by sequential machines has been studied, among 
others, by Gray and Harrison (1966) and Gill (1966). Gill has considered 
the realizability of finite sets of input-output sequences by finite state 
machines and has characterized the realizable sets by a property called 
"compatibility." 
In this note, it is shown that the realizable input-output sequences can 
be more compactly characterized by a property called "consistency," which 
is closely related to Gill's "compatibility." Specifically, it is proved that a 
finite set T ~ of input-output sequences of length l, is realizable by a finite 
state machine if and only if it is consistent. Also, a procedure to construct 
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a finite state machine to realize a consistent set T z is presented. It will be 
seen that the number of states initially set up by the procedure outlined here 
will be smaller than the number of states initially set up by Gill's procedure. 
Also, it is demonstrated that it may be possible to obtain minimal realizations 
with fewer states using the procedure outlined here than by using Gill's 
method. Our results are related to and motivated by Gill's work. 
In the remainder of this section, we review some basic concepts. A finite 
state machine (FSM) M = (S, X, Y, 2,, ~) where S, X, Y represent finite 
sets of states, inputs, and outputs, respectively and 2,: S × X*--~ Y* and 
~:S  × X* -+ S. (If X is a finite set, X*=Ak3XuX 2UX 3 - - .whereA 
is the null element.) We interpret A and 8 as follows: 1(a, a1% ,..., ~)  = 
/31/32 .... ,/3~ represents the output sequence caused by an FSM M when it is 
initially in state ~ and the input sequence alC~2 "" ~ is applied. 
8(a, cq ... ~)  = a' represents the corresponding final state. Also A(a, A)  z~ A 
and 8(a, A) z~ ~. A state a ~ S is transient if ~ a state a' (not necessarily 
different from a) such that for some a e X,  ~(a', ~)= a, i.e., a state is 
transient if it cannot be reached from any state. The input-output sequence 
J = ~ ]/31 "'" ~z [/3~ is said to be generated by M,  and further, J is said to 
admit state #.  We will use ~ to denote the set of input-output sequences 
of length l generated by M. A set of input-output sequences T ~ _C (X × y)t  
is said to be realized by an FSM M if T Z = ~M" 
2. REALIZABILITY OF INPUT-OuTPUT SEQUENCES 
We begin this section by briefly reviewing some of Gill's results. An input- 
output relation T of maximal length l is a set of input-output sequences 
such that no element in T has length greater than l. If T = U~-i T ,  then 
T is said to be realizable if there exists an FSM which realizes TL i = 1, 2 ..... I. 
Gill characterizes a realizable input-output relation by a property called 
"compatibi l ity." The input-output relation R = 0i=1 T~ is compatible if 
the following conditions are satisfied: 
CMP(1) T 1 has at least one element ~ ]/3 for each c~ ~ X. 
CMP(2) For each cq I/31 " ~r-1 1/L-1 ~ Tr-1 and for a ~ X, 313 ~ Y 
such that cq [/31 "'" ~r-1 [/3~.-1 ~ l/3 ~ T r for r = 2, 3,..., l. 
CMP(3) ~ 1/31"'" ~,, [/3r e Tr only if o¢ 1 [/31 "'" °~,-1 ]/3r-1 ff Tr-1 and 
ee= [ /32 "" czr I /3~ ~ T~-l  for r = 2, 3 ..... 1. 
Gill has shown that T is realizable if and only if it is compatible (1966). 
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He has also developed an algorithm to construct an FSM to realize a com- 
patible T. Gill's algorithm applies directly to bounded input-output relation 
defined as follows: A compatible relation T of maximal ength l is bounded 
by b if b is the least integer ~1- -  1, such that { T ~+1 I ~P  { Tb] where 
p = { X I and ] T o I = 1. I f  no such b exists, then T is said to be unbounded. 
Gill has shown that if a compatible relation T of maximal length l is 
unbounded, then it is possible to define T z+l such that T '=  T kJ T z+l is 
compatible and bounded by l. And further, he has given a construction 
procedure to set up an FSM to realize a bounded input-output relation. 
Gill's realizations have the interesting property that they have finite memory. 
In the remainder of this section we will show that we can condense the 
realizability characteristic of input-output sequences into the set T z, and 
we will show that T ~ is realizable if and only if T z is "consistent," a property 
that is closely related to "compatibility." 
Consider an input-output sequence I = a 1 I fil "'" at [flz. The input- 
output sequence a1 {ill "'" ~i I/3i (1 ~< i ~< l) is said to be aprefix of / .  A set 
of input-output sequences T t of length l is consistent if the following condi- 
tions are satisfied: 
CS(1) V~I { fil "'" as [ fit ~ T~, Va ~ X, ~fl e Y such that a 2 { f12 "'" at { fit 
a I fi E T z, and 
CS(2) ~ta I { ]~1 "'" al {/~t ~ TZ, i < l, Va s X, 3/3 ~ Y such that a 1 [ fil "'" 
ai] fll a ] fi is a prefix of some element in T t. 
A consistent set T z is bounded with bound b < l, if b is the least integer 
such that the number of distinct prefixes of length b -]- 1 equals p times the 
number of distinct prefixes of length b, where p -= I X {. I f  no such integer b 
exists, then T t is unbounded. Note that if T is bounded with bound b, then 
given a prefix a 1 I]3~ ... a s {fib and an input digit nO+l, there is a unique 
/3~+1 such that gl I131 "'" ab+l I fls+l is also a prefix in T. We will find this 
observation to be useful later. 
As we will show in the next two theorems, consistency is closely related 
to the property of compatibility. 
THEOREM 1. If T = Ui=1 Ti in a compatible input-output relation, then 
T ~ is a consistent set. 
Proof. Let T be compatible. From the compatibility conditions CMP(3) 
and (2) the set T t possesses consistency condition CS(1). 
Let a 1 I fil "'" at { fit e Tt. Applying CMP(3) iteratively we find a 1 { fil "'" 
a i{ f i~aT  i (1 ~<i<l ) .  Now, from CMP(2), Va~32, 3 f laY  such that 
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al I/?1 "'" ai[/?~ ~ //? ~ T/+I- Applying CMP(2) iteratively, we conclude that 
there exist input digits a~+z ,..., a~ in X and output digits fii+~ ,...,/?z in Y 
such that ~1 I/71"'" ~i [/?i O~ 1/30~i+2 I /?i+2 "'" 0~ 1/3l is in T ~, satisfying CS(2). 
Hence, T ~ is consistent. 
THEOREM 2. I f  T ~ is a consistent set of hzput-output sequences, then for 
each 1 ~ i < l, there exists a unique set T ~ such that T = U~i=l T ~ is compatible. 
Proof. We will show T *, 1 ~ i < l, can be constructed recursively from 
T i+1. For each 0~ 1 1/31" ' "  ~z+l  i /3~+1 ff Tz+l, set up the elements ~1 I 171 "'" ~i i fi~ 
L/3 • and ~2 !/32 "'" ~+1 ,+1 in T *. Now we will show that the set T = I J,_ 1 T ~ 
satisfies the three compatibility conditions. 
First note that condition CMP(3) follows trivially from the above con- 
struction. Now let cq 1/71 a2 ]/?2 "'" cq ]/3~ e T z. F rom C8(2), V~ ~ X, 3/? ~ Y 
such that cfil/?le~]/? is a prefix in T 1, i.e., there exists a sequence 
al[/31 c~ [/? Yl i 01"'" 7z-2 ] 0,-2 in TL From CS(1), then ~ 113 71 I 01"'" r~-2 [ 0z_.~ 
is a prefix of some element in TL By our recursive construction procedure 
a [/3 is in T 1, satisfying CMP(1). Now, let J : a 1 ]/3~ ... ~'-1 //?,-1 ~ T~-I. 
F rom our construction procedure J is a subsequence of some element in T z, 
i.e., there exists some element 01 [ ~1 "'" 0~ ] ~7~ J ~1 1 pl "'" 03- i p~" in TL 
From CS(1) and CS(2), Va ~X,  3/3 ~ Y such that 02 ] kg 2 .." 0~ 1% J~ ]/3 
is a prefix of some element in T z. By our construction procedure J ~ I/3 ~ Ti- 
Thus,  CMP(2) holds. Hence, T is compatible. Finally, we will show that 
the compatible relation T is unique. The proof is by contradiction. Assume 
that for a given consistent set T z there exist two distinct compatible input-  
, " " l C ' l " output relations T ,  T of maximal length l such that T _ T and T C T . 
Let T '  = ~-1 U*=l (T~) ' ~ T* and T" = U*~-I (T~) " u T ~. Since T '  ,=/= T", without 
loss of generality, let us assume that J = a 1 1/31 "'" a~ I/?k a T'  and J ~ T". 
Since T' is compatible, from CMP(2) there exists an element J ak+l I/3~+1 "'" 
a~ t/3~ in TL Applying CMP(3) iteratively we find that J is an element of 
(T") ~, and hence an element of T", a contradiction. Hence, if T ~ is a con- 
sistent set, then there exists a unique compatible input-output relation T 
of maximal length such that T z __C T. 
3. REAL IZAT ION OF CONSISTENT INPuT-OuTPUT SEQUENCES 
Now we present an algorithm for constructing an FSM to realize a given 
consistent set of input-output sequences. The approach is similar to Gill's 
technique, but the number of states in our realizations will generally be 
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fewer than the number  of states in Gi l l 's  realizations. Let  T l be a consistent 
set. I f  T z is bounded,  j = b + 1 where b is the bound.  Otherwise j = 1. 
An FSM M to realize T z is constructed as described below. 
(1) Let  Y' = a t [j31 "" c~._ 1 / ]3s-1 be a prefix of an element in TL 
(a) I f / "  has the property that there does not exist an c~ ~ X such that 
for some 0 @ 0', F o~ I 0 and / '  ~ [ O' are prefixes of some elements in T, 
then set up a single state labeled [ I ]1 • 
(b) I f /~  does not satisfy the property stated in l(a) then let h be the 
largest integer such that for some c~ a X, /~ ~ I 01, /~ ~ ] 02 .... , _P 0~ ] 0~ are 
distinct prefixes of some elements in T z. Set up k distinct states labeled 
[rJ1 , [ r  h .... , I r i s .  
(2) The output  and next-state functions of M are defined as follows: 
Consider a state [ / ' ] i  = [~1 []31 "" c9-1 ]/3i-1]~ and an input digit c~ ~X.  
Let  {q~l .... ,~L} denote the set of distinct output  digits such that 
~P c~ [ 41, P c~ ] q~2 .... , _P c~ ] ~L are prefixes in TL Then,  
for t = min[i, L] and for some u. 
Note that since T z is consistent, for every prefix ~1 [/31 "'" %-1 I fi~-i e~ [~ 
in T z, there exists a prefix 7' = ~ 1~2 "'" o~ I q~ of length j - -  1 in T ~, and 
hence, there exists a state y~, for some u, in M.  Thus,  the construct ion 
leads to a well-defined FSM.  Also note that if T z is bounded by b < l, then 
each element _P = ~1 ]/31 .." ~'-1 ] fiJ-i satisfies property l(a), and hence, 
only one state, -P1, is set up for each element of length j - -  1 = b. Further ,  
note that in step 2 of the construct ion procedure the output digit and the 
next-state are uniquely defined for bounded consistent sets. Hence, a unique 
FSM is set up, when T z is bounded.  
I f  M as constructed above has transient states, then addit ional chains of 
states will have to be introduced, in order to ensure that all elements of T z 
will be generated by M.  The  introduct ion of addit ional states is done in 
the same way as in Gil l  (1966). We will not discuss the details here. Before 
we justi fy that the constructed FSNI  indeed realizes the consistent set T ~, we 
will i l lustrate the algorithm with some examples. 
EXAMPLE 1. A set (T  2) of consistent unbounded binary input -output  
102 HEUN AND YAIRAVAN 
sequences i  shown in Fig. la. The state table M obtained from T 2 using the 
algorithm discussed above is shown in Fig. lb. The minimal equivalent 
of M is shown in Fig. lc. Note that in the determination f some successor 
states a choice may be involved. For example, [0 [ 011 under 0 may cause 
a transition to [01011 or [0 I 012. In this example, the choices were made 
so that the resulting FSM has no transient states and so that [13 I 0]1 ~ '  [1 I 0]1 
and [0 I 0]2 ~-~ [11112. 
It may not always be possible to construct a realization without transient 
states, as the following example illustrates. 
010 010 l f0  010 111 0[0  
010 110 110 lb l  111 110 
010 111 
FIG. la. A consistent set of inpu~omput  sequences--T 2. 
S/e 
[0 1011 
[0 10h 
[11011 
[11111 
xk~---O 
S/c+1 
[oL011 
[0i0h 
[01 0]2 
[o 1011 
Y~ 
0 
0 
0 
0 
xk= 1 
Sk+l 
[1 1011 
[11111 
[11111 
[1 ]o]1 
Y~ 
0 
1 
1 
0 
FIo. lb. An FSMMto  realize T 2. 
xe=0 x~= 1 
s~ s~+ 1 y~ s~+i y~ 
ql ql 0 ~2 0 
a2 a2 0 al 1 
FIG. lc. The minimal equivalent of M. 
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EXAMPLE 2. Consider the unbounded consistent set T 3 shown in Fig. 2a. 
An FSM M to realize T a are shown in Fig. 2b. Note that in the state table 
in Fig. 2b, there is a choice for some successor states. For  each choice, the 
result ing machine wil l  have a transient state [1 ] 0 0 ] 1], and hence M will  
not generate 1 l0  0 [ 1. Now, as in Gi l l 's  procedure, we set up a chain of 
OlO olo 
olo OlO 
OlO olo 
olo Oll 
oio Oll 
OlO 1to 
OlO 11o 
ol1 OlO 
oi1 OlO 
Oll 1Io 
Oll 11o 
FIG. 2a. 
110 0 
010 
Oi l  1 
11o 1 
olo o 
olo o 
1]0 
011 
l lO  
010 
110 
An unbounded consistent set T 3. 
110 0 
1IO o 
11o o 
1Io o 
11o 1 
110 1 
olo 
110 
OIO 
110 
0[0 
11o 
Eo IO 
[olo 
[oIo 
[o to 
[Ol 1 
[Ol 1 
[1 [0 
[1 10 
[1 ]0 
[11o]' 
[o I 1]' 
$/e 
olo]1 
OlOh 
o] 111 
1 lOb 
o l oh 
1 1011 
OLO]1 
O1111 
1 10h 
x~ =0 
Sk+l 
[OlO 01031 
[olo o1111 
[Oll OLO]1 
[11o 01031 
[olo o l Jh  
[1 IO 01031 
[OlO oloh 
[Oll 01011 
[1 IO OLO]1 
[OlO OLO]1 
[1 To o I 111 
Y~ 
0 
1 
0 
0 
1 
0 
0 
0 
0 
0 
1 
$k+1 
[OlO alo]l 
[olo 1 Io]1 
[Oll 1 
[11o 1 
[OlO 1 
[11o 1 
[olo 1 
[Oll 1 
[110 1 
[o I 1]' 
[ l l0  1 
Yk 
0 
0 
] 0]1 0 
[011 0 
1011 0 
[ 011 0 
] 011 0 
1 011 0 
1011 0 
0 
1 011 0 
FIc. 2b. An FSM M'  to' realize T 8. 
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$k 
0-2 
(72 
(73 
(74 
0-5 
x~0 
S/~+l 
(72 
O" 3 
O" 5 
ffl 
0" 3 
Y~ 
0 
0 
0 
0 
1 
S/c+l 
0" 2 
0" 2 
0" 2 
0-5 
0" 2 
Y~ 
0 
0 
0 
0 
0 
Fro. 2c. A minimal equivalent of M'.  
two addit ional states [1 10]', [0 I 1]' to cause 1 l0  0 l  1 to be generated as 
shown in Fig. 2b. The  minimal  equivalent is shown in Fig. 2c. 
In general, if there do not exist transient states from our construct ion 
procedure, a state [cq [171 -.. c9_1 I1?~-_j] i is admitted by the input -output  
sequence a 1 1171 "'" ~,-1 [ 17J-1 • I f  a state a = [cq [i l l  "'" c9-1 [ fis-1]i is origi- 
nally transient, addit ional states would have to be introduced so that a is 
no longer transient and a is admitted by c h I171 "'" ~'-1 [ 17s-1 • 
We conclude this section by showing that our construct ion algor ithm is 
valid. Specifically, we will show that given a consistent set T ~, the algor ithm 
yields an FSM M such that ~s  = T~" 
If  T is bounded our realization is unique and is identical to Gi l l 's  realiza- 
tion. In this case the realization would have finite memory  b, where b is 
the bound of TL In the following discussion we consider only unbounded 
consistent sets. First, we will show that ~ C T z. Let  al  1 171 "'" ~t [17~  2f" 
Then there exists a state a in M such that A(a, cq ' "  ~)  = ]71 "'" 17~- Let  
8(a, c~ 1 "" ~,-1) = a'. The  state 0-' is admitted by c h I171 "" ~-1  ]f l~-i ,  i.e., 
a'  = [az l 171 "'" az-1 i fi~-l]rs for some u. Hence, from our construction algo- 
r i thm ~1 [ 171 "" a~-i I fi~-i is a prefix of an element in T 1. Since A(a', az) = 17~, 
T' = al  ]171 "'" ~ l fi~ is an element in T z. 
Conversely, assume that a 1 I171 "'" az I f  I t  a T~. F rom our construct ion 
algorithm, there exists at least one state 0 = [al l fil " '  ~-1  1 fi~-l], in M.  (As 
indicated earlier, if 0 is not originally admitted by cqI f i l  "" a~-i [17~-1, 
addit ional states would have been introduced such that 0 is admitted by the 
sequence ~1 [171 "" a~_1 I fi~-i .) Now X[0, ~z] = 17~ and 8[0, cq] = [~2 I 17.~ "'" 
az 1 fiz]~' = 0'. Thus,  M generates ~1 [ 171 "'" ~ ] fi~. 
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DISCUSSION 
It would be desirable to keep the number of states in the constructed 
realization to a minimum value. I f  there is a choice involved in determining 
successor states, efforts should be made to keep the number of transient 
states to a minimum, because for every transient state that is initially set up, 
additional states will have to be introduced later. 
Now we will compare our realizations with Gill's realizations. Let n~ and 
n' denote the numbers of states initially set up to realize a consistent set 
using, respectively, Gill's algorithm and the algorithm presented here. For 
bounded consistent sets ng = n' = the number of distinct prefixes of T z of 
length b, and the realizations are identical. However, for unbounded con- 
sistent states, we will show that n' < ng. Let T l be an unbounded consistent 
set. ng ~ I TZl. Now, let {/"1, I"2 ,...,/"~} be the set of all distinct prefixes 
of T Z of length l --  1. Let q~ be the largest integer such that for some a a X, 
Yi ~ I 01 ,/"i ~ I 02 ,-.., 2'~ c~ I 0q~ are distinct elements of T ~. By the construc- 
tion procedure outlined here, for each such prefix /"~ we set up q~ states. 
Hence, n' 1: --~ Y~,=I ql • In Gill's procedure, a state is set up for each element 
of T t. Hence, for each distinct prefix/"i (length l - -  1), at least q~ -~- (P --  1) 
states are set up, where P = ] X l- Hence, ng ~ ~i=l qi @ k(P --  1), i.e., 
ng >/n'  4- k(P --  1). Note here that the equality holds only for trivial cases 
such as k = 0 or P = 1. Note here that the preceding comparison does not 
take into account any transient states that may have to be set up in either 
of the two realizations. Returning to our Example 1 (2), recall that we set up 
initially four (nine) states, whereas Gill's procedure would have required 7 
(17) states. 
It is interesting to observe that Gill's procedure always yields a finite 
memory realization with memory l, for an unbounded consistent set T ~. 
Consequently, the number of states Ng in a minimal equivalent of any of 
Gill's realizations will have to satisfy the following lower bound (Gill, 1965; 
Subramaniam, 1971): 
2~ ~> [1 ,-}- (1 + 8l)1/~], where Ix] is the ceiling of x. 
2 
The realizations obtained from the method outlined here do not necessarily 
have finite memory, and hence, are not subject to the above lower bound, 
as can be seen from Example 1. Finally, a procedure to obtain an FSM with 
the smallest number of states to realize a consistent set of input-output 
sequences i not known currently. 
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